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ABSTRACT 

This  thesis  presents  a  numerical  comparison  of  the  exact 
and  approximate  powers  of  the  chi-square  goodness-of-f it 
test  for  small  numbers  of  classes  and  small  sample  sizes  for 
the  equiprobable  null  hypothesis .   The  comparison  was  per- 
formed using  an  IBM  360  computer  and  the  computational 
details  are  presented  within  the  thesis.   In  addition  a 
comparison  of  critical  points  was  conducted  for  the  chi- 
square  distribution  and  the  associated  exact,  (multinomial), 
distribution.   The  results  of  the  power  comparisons  show 
that  the  approximate  power  is  surprisingly  good  and  is 
recommended  as  an  efficient  method  for  determining  type  two 
error  associated  with  the  test.   Further,  use  of  the  chi- 
square  distribution  for  determining  a  critical  point  is 
reinforced  through  the  numerical  comparison  of  significance 
levels  . 
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I .   INTRODUCTION 

The  power  of  the  chi-square  goodness -of -f it  test  has 
been  an  elusive  problem  which  has  attracted  many  authors. 
Fisenhart  [1] ,  Mann  and  Wald  [2] ,    and  Patnaik  [3]  have  all 
presented  expressions  for  approximating  the  power  of  the 
test  for  simple  null  hypotheses.   Later  work  by  Mitra  [4] 
and  Diamond  [5]  presented  power  functions  for  compound  null 
hypotheses.   These  approximate  power  functions  have  all 
been  developed  through  theoretical  considerations,  however 
it  is  not  known  how  good  they  are  for  approximating  the 
true  power  of  the  chi-square  test. 

Cochran  in  his  expository  article  [6]  has  presented  a 
detailed  history  of  the  chi-square  test.   Included  is  a 
proposed  method,  (which  he  attributes  to  Tukey) ,  for 
approximating  the  power  of  the  chi-square  test.   This 
method  has  been  referred  to  as  the  Pitman  limiting  power 
by  a  later  author  (cf.  Mitra  [4]).   However  the  key  idea 
appears  to  go  back  to  Eisenhart. 

Herein  this  approximation  of  power  is  compared  with 
the  true  power  as  computed  for  the  special  case  of  the  null 
hypothesis  having  equiprobable  classes  and  alternative 
hypotheses  such  that  all  classes  but  one  are  equiprobable. 
It  is  shown  that  the  approximation  is  reasonably  good  for 
small  sample  sizes. 


It  has  long  been  recognized  that  the  chi- square  test 
provides  only  an  approximate  critical  region.   Thus  compari 
sons  of  exact  levels  of  significance  with  the  approximate 
ones  were  also  in  order.   Such  a  comparison  of  significance, 
levels  and  their  associated  critical  points  is  presented. 

In  the  following  section  a  discussion  of  the  previous 
work  performed  in  this  area  is  presented  along  with  notes 
on  how  this  research  fits  into  the  scheme  of  the  previous 
work.   Section  III  presents  the  Fisenhart  et  al.  approxima- 
tion of  the  power  and  is  followed  in  Section  IV  by  the 
details  of  the  special  case  used  for  the  comparison  of  the 
exact  and  approximate  power.   The  computational  formulae 
for  all  the  comparisons  appear  in  Section  V  and  the  results 
and  conclusions  are  discussed  in  Section  VI. 


11  •   DISCUSSION  AND  THE  NATURE  OF  THE  PROBLEM 

In  their  19  31  paper  Neyman  and  Pearson  [7]  presented  an 
example  of  a  three  class  multinomial  probability  function 
with  a  sample  size  of  10  observations.   They  observed  that 
the  probability  calculations  from  the  chi-square  distribu- 
tion were  on  a  whole  better  than  expected.   However  they 
opened  to  question  the  use  of  the  chi-square  approximation 
when  the  class  expectations  are  small  with  respect  to  the 
sample  size.   This  question  has  been  answered  only  with 
hueristic  suggestions  in  the  literature,  (cf.  Cochran  [8] 
and  Watson  [9]).   The  research  reported  within  this  paper 
sheds  some  additional  light  on  this  question. 

Hoel  in  his  19  38  paper  [10]  pointed  out  that  there  are 
two  types  of  error  associated  with  the  chi-square  goodness- 
of-fit  test  for  small  sample  sizes.   The  first  type  of 
error  arose  from  the  fact  that  the  derivation  of  the  test 
criterion  was  based  on  rough  approximations .   Whereas  the 
second  type  of  error  arose  from  using  an  integral  of  a  con- 
tinuous function  instead  of  summing  the  appropriate  terms 
of  a  discrete  distribution  to  determine  significance  levels. 
Hoel  concludes  in  his  paper  that  errors  based  upon  the 
derivation  of  the  criterion  from  rough  approximations  are 
not  significant.   However  he  leaves  untouched  any  discussion 
of  how  significant  are  the  errors  obtained  by  using  an 
integral  of  a  continuous  function  instead  of  summing  the 


discrete  terms.   Further,  no  research  was  uncovered  which 
fully  answered  Hoel's  question.   This  paper  will  help 
provide  an  answer  to  that  question. 

The  majority  of  the  work  on  the  power  function  conducted 
in  this  field  since  19  4  5  has  been  concerned  with  theoretical 
developments  using  compound  hypotheses.   However  Watson  [9] 
in  an  expository  article  on  recent  results  points  out  that 
the  test  has  still  not  had  any  computations  made  regarding 
its  power  for  small  sample  sizes,  and  he  suggested  some 
means  of  electronic  calculation  be  performed  to  evaluate  the 
power  of  the  test.   This  in  summary  is  what  this  paper 
presents . 


III.   APPROXir-      t  TO  P< 

The  work  reported  in  this  section  was  proposed  by 
several  authors,  however  Eisenhart  [1]  is  believed  to  be 
the  first  author  to  present  the  method.   Hence  the  approx- 
imation to  power  is  hereafter  referred  to  as  the  approx- 
imation due  to  Eisenhart  et  aJL. 

It  is  known  that  the  chi-square'  goodness-of-f it  test 
is  a  consistent  test.   As  the  number  of  observations  taken 
from  the  sampled  distribution  increases,  then  the  power  of 
the  test  tends  to  unity  for  all  alternative  hypotheses. 
Thus  the  family  of  power  curves  might  look  like  those  in 
Figure  1  below,  where  to   represents  the  distribution 
specified  by  the  null  hypothesis. 

Schematically  one  has   P{the  test  statistic  >_  critical 
point  1 00}  -*  1 . 0  as  N  -»- «>  for  each  ioe{H,  },  the  set  of  alterna- 
tive hypotheses.   In  order  to  make  this  limit  less  than 
unity,  it  is  necessary  to  choose  a  sequence  of  alternative 
hypotheses  00   converging  to  00   as  N  ->-ra.   The  sequence 
3  (w  )  =  P{the  test  statistic  >_  critical  point |w  }  might 
converge  to  some  value  3  <1.0  as  indicated  by  the  asterisks 
in  Figure  1.   By  appropriate  choice  of  the  sequence  w 
the  corresponding  probabilities  representing  the  power, 
3  (to  )  ,  will  converge  to  3  rapidly  (become  and  remain  close 
to  3  for  rather  small  N) .   Thus  the  power  for  finite  N  can 
be  approximated  by  3 .   On  the  other  hand,  an  inappropriately 
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Figure  1.   A  Schematic  "!     'sentation  of  ^isenhart, 
et  al.'s  Method  of  Jvpproximatinq  the  Power. 


chosen  sequence  to   would  not  converge  rapidly  to  B  and  hence 
3  would  be  a  poor  approximation  to  B  (to  )  for  many  finite 
values  of  N.   Such  a  sequence  is  indicated  with  dots  in 
Figure  1.   ^hus  the  choice  of  sequences  to   is  critical. 

The  following  expressions  are  presented  for  approximat- 
ing the  power  (i.e.,  choosing  the  sequence)  of  the  simple 
chi-square  goodness-of-f it  test. 

Let  the  null  hypothesis  K   describe  k  class  probabilities 
p, ,.. . ,p,  ,  and  let  the  alternative  hypotheses  {H, }  be 
described  by  different  choices  of  class  probabilities , 
e.g.,  all  possible  p. ,.. ,,p,  different  from  H  .   Define  a 
term  0.  i  =  1  ,  .  .  .  ,k  by  p .  =  p.  +  Q./A1      where  m  is  the 
number  of  observations .   Thus  for  a  fixed  alternative 
p, , . . . ,p,  and  fixed  N,  the  null  hypothesis  and  the 


alternative  are  connected  by  the  {0.}.   As  N  ->   °°  then  the  p? 
serve  as  the  sequence  w>T  and  converge  to  p.  which  seirve 


as  03 
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It  is  noted  that   E   p.  =  1  =   E   p.   hence   E   0 


i=l 


i=l 


i=l 


and  0.  =  /N  (p?    p. ) . 


Let  x.  i  =  l,...,k  describe  the  observed  frequency  with 
which  observations  fall  into  frequency  class  i,  then  define 
a  new  term  q.  as  the  observed  portion  of  observations 
falling  into  class  i ,  i .e.  q.  =  x./N. 
The  test  statistic  can  therefore  be  defined  to  be 
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with  all  cross  product  terms  reduced  to  zero  due  to  the 

k 
restriction  that   E   0.  =  0. 

i=l   x 
It  was  noted  by  Cochran  [6] ,  that  the  test  statistic 

then  has  a  non-central  chi-square  distribution  (in  the 

limit  as  N  ->  °°)  with  non-centrality  parameter 

2 


k   0 
E 
i=l  P 
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IV.   DETAILS  OF  THF  3PFCIAL  CASF 

As  a  sequence  of  alternative  hypotheses  had  been  proposed 
which  converge  to  the  null  hypothesis,  the  following  special 
case  was  developed  to  compare  the  approximation  with  the 
exact  power  of  the  chi-square  test. 

As  Mann  and  Wald  [2]  pointed  out  in  their  paper,  every 
continuous  probability  distribution  can  be  transformed  .into 
a  uniform  distribution  on  the  interval  (0,1).   Therefore 
the  null  hypothesis  for  the  special  case  was  that  the  classes 
of  the  multinomial  were  chosen  such  that  they  were  described 
by  equal  class  probabilities,  i.e.  p.  =  1/k ,  i  =  l,...,k 
where  k  is  the  number  of  classes. 

The  only  alternative  hypotheses  considered  were  those 

that  specify  equal  probabilities  for  all  classes  but  one. 

k    Q 
Since   £   p.  =  1,  these  alternative  hypotheses  may  be 

i=l   x 
represented  as  follows.   Let  p.  =  p/k ,  i  =  l,...,k-  1  and 

p,  =  1  -  (k-l) p/k.   Then  the  non-centrality  parameter  was 

computed  from 

2 

k  ef  9 

X  =   s   —  =  N(k-l)  (1-p)   . 
1=1  *i 

The  values  of  p  used  herein  were  .2,  .5,  .8. 

The  sequence  of  alternative  hypotheses  used  for  the 
comparison  of  the  approximation  was  chosen  due  to  its  sim- 
plicity and  rather  extreme  character;  all  but  one  cell  being 


11 


equiprobable  and  the  one  cell  having  a  surplus  of  prob- 
ability.  The  same  scheme  with  p  >  1  would  be  less  extr 
Obviously,  the  same  value  for  the  non-centrality  parameter 
can  be  realized  with  other  alternative  hypotheses.   It  is 
proposed  to  research  the  question  of  whether  or  not  the 
currently  used  scheme  has  a  sense  of  extremity  in  terms  of 
power  when  the  non-centrality  parameter  is  held  fixed. 
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V.   COMPUTATIO    ,  DFTAILS 

The  problem  was  to  compute  the  probability  that  the  sum 
of  squares  of  the  class  frequencies  exceeded  a  predefined 
critical  point.   The  work  done  previously  in  this  area  was 
mainly  performed  during  the  1930' s.  At  that  time  the  size 
of  the  task  was  enormous  and  almost  impossible  since  the 
researchers  did  not  have  the  aid  of'  modern  electronic 
computation  equipment. 

It  was  decided  that  in  order  to  gain  enough  information 
to  have  a  meaningful  presentation  some  type  of  computer 
program  was  required.   The  task  involved  writing  a  program 
which  would  generate  the  class  partitions  of  the  multinomial 
distribution  and  then  compute  the  sum  of  squares  for  each  of 
the  generated  partitions.   Once  the  sum  of  squares  had  been 
computed  the  sum  was  checked  to  ensure  that  it  was  greater 
than  the  critical  point  as  specified  from  the  chi-square 
distribution.   If  the  sum  of  squares  did  exceed  the  critical 
point  then  the  multinomial  probability  associated  with  the 
partition  was  computed.   If  the  sum  was  less  than  or  equal 
to  the  critical  point  that  partition  was  ignored  and  the 
program  generated  another  partition  and  the  process  was 
repeated . 

The  multinomial  probabilities  associated  with  a  fixed 
k  part  partition  of  N  must  be  summed  over  all  permutations 
of  that  partition.   Thus 
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r  *  .  .  t  X, 


k       „,  N-x.    x. 

N !       o     l   o  i  _, 

.   ,   X_.   .  .  .  X.  .1  JC       1 

1=1   1       k 

where  K.   was  the  number  of  ways  x,  , . . . ,x.  , ,x. 

i  1      l-l   i+l'    '  k 

could  occur  in  the  (k-1)  remaining  classes.   The  computations 
were  performed  in  this  manner  due  to  the  nature  of  the 
alternative  hypotheses,  with  the  first  (k-1)  classes  of 
equal  probability  p.  and  the  k    class  of  probability 
p£  =  (1  -  (k-l)p?). 

One  of  the  inefficiencies  of  the  program  was  that  it 
must  compute  K.  ,  the  occurrence  coefficient,  k  times  for 
each  of  the  generated  partitions.   This  calculation  required 
the  computer  to  search  through  each  generated  partition  and 
compute  the  number  of  occurrences  of  each  possible  x.  within 
the  partition,  and  then  determine  the  appropriate 
combinatoric . 

To  give  an  example  of  the  foregoing,  consider  the  follow- 
ing partition  for  a  6  class  multinomial  distribution  with 

twelve  observations,  (5,3,3,1,0,0).   The  multinomial 

1  2  ' 
coefficient  is  513131-11  =  66  5,280.   The  partition  probability 

under  the  alternative  hypothesis  is  therefore 

665,280  (p°7p°"JK1  +  p°p°  K2  +  p°   p°K3  +  p°   K^)  where  K. 

i  =  1,2,3,4  are  the  associated  occurrence  coefficients  for 

the  x. ' s.   For  the  partition  under  consideration  the  K's 

1  * 

were  ^  =  K3  =  ^fjyr  -  30   K.,  =  K„  =  1.1^.1.  =  60.   As  a 

check  it  is  noted  that  the  total  number  of  ways  the  partition 

p  1 
could  occur  in  a  six  class  law  is  ..■ ,  ?  ,  '  ,  -.  -,-  =  180  and  that 
4 

I   K.  =  180. 
i=l   X 
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Having  computed  the  probability  under  the  alternative 
hypothesis  that  the  test  statistic  is  greater  than  the  chi- 
square  critical  point,  the  non-centrality  parameter  lambda 
was  computed,  for  the  k  classes,  the  N  observations  and  the 
appropriate  p.  With  this  parameter  and  (k-1)  degrees  of 
freedom  the  approximate  power  was  computed  utilizing  the 
non-central  chi-square  distribution. 

The  computation  of  the  approximate  power  was  performed 
using  a  method  found  in  Fix  [11] .   The  power  function  of 
the  chi-square  goodness-of-f it  test  being  approximated  by 

\  /i      °°       r\  /n\  J   °°               k+2j-2  ,  2 

p(\\    -    ~~A/2   v   U/2)   r                                    x  "Hx   j 

3(A)  -  e       I      — :p /         •  j^v+pi-^ i7Ti e     dx, 

j=o  3'       x2       2zKK+l^   ^'rt— +j) 

(K-l)  (a)  2 

where  (k+2j-2)  are  the  degrees  of  freedom  for  the  incomplete 

2 
gamma  function  and  x  ,,  ,  .  ,  >  is  the  critical  point  of  the 

(k-l)  (a) 

chi-square  with  (k-l)  degrees  of  freedom  and  the  specified 
alpha  level.   The  evaluation  of  the  incomplete  gamma  function 
was  accomplished  by  using  a  previously  prepared  program  by 
John  R.  B.  Whittlesey  of  UCLA,  a  listing  of  his  program 
appears  in  the  computer  listing  section  of  this  paper. 

Aside  from  the  method  employed  to  compute  these  prob- 
abilities there  was  nothing  new  in  the  theory  employed.   In 
fact  this  theory  has  been  and  continues  to  be  the  standard 
method  of  evaluating  the  power.   The  method  used  to  generate 
the  class  partitions  was  original  and  was  the  important  step 
in  the  process  of  allowing  large  amounts  of  data  to  be  col- 
lected in  a  relatively  small  amount  of  time.   The  ordering 
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of  the  sun  of  squares  of  the  k-part  partitions  of  N  is  an 
important  integer  programming  problem.   Problems  of  this 
type  are  discussed  in  a  survey  article  by  Saaty  [12] . 

Since  the  sum  of  squares  of  the  generated  partitions 
yields  an  integer  value,  the  following  method  was  used  to 
calculate  the  critical  point  for  the  chi-square,  and  the 
exact  critical  points  as  determined  under  the  equiprobable 
null  hypothesis. 

Let  C   be  the  critical  point  read  from  the  chi-square 
table  for  (k-1)  degrees  of  freedom  (this  is  the  value  cor- 
responding to  a  k  class  multinomial  distribution) .   The 
probability  that  the  test  statistic  exceeds  this  critical 
point  is  alpha,  hence  the  following  is  true.   If  the  test 
statistic  is 

k   (x  -Npi)2 
Z      ■ 


i=l 


Npi 


and 


k 
P  l 
i=l 


(x, -Npi) 


Npi 


>  C 


a 


o 


as  specified  by  the  test,  then 
k    2  N 

1  =  1 


'V 


since  p.  =  1/k .   Then  since  the  sum  of  the  squares  of  inte- 
gers is  again  an  integer  the  critical  point  of  interest  is 
the  greatest  integer  in  [ (C  +N)  N/k] . 
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The  exact  critical  points  were  determined  from  the  equi 
probable  multinomial  by  considering  in  turn  each  value  for 
the  sum  of  squares  in  decreasing  order.   Until  a  value  was 
reached  which  yielded  a  probability  slightly  greater  than 
the  alpha  probability.   Then  the  process  was  repeated 
with  the  next  smallest  value  such  that  the  alpha  level  was 
bracketed.   These  two  values  became  the  upper  critical 
point  CR  and  the  lower  critical  point  CR  respectively. 
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VI  .   RESULTS  ?y.r>    CONCLUSIONS 

The  results  of  the  comparison  of  the  approximate  and 
exact  powers  of  the  chi-squaire  test  are  found  in  Tables  2 
through  17  in  the  computer  output  section  of  this  thesis. 
These  tables  present  the  data  in  the  following  manner.   For 
each  value  of  p  and  alpha  considered  there  are  five  columns ; 
the  first  shows  the  number  of  classes  k,  the  second  the 
number  of  observations  N,  the  third  the  exact  power  as 
computed  from  the  associated  k  class  multinomial  distribu- 
tion, the  fourth  displays  the  approximate  power  as  computed 
by  a  method  found  in  Fix  [11] ,  and  the  fifth  column  shows 
the  associated  non-centrality  parameter  for  the  approximation. 

In  order  to  provide  a  more  concise  display  of  informa- 
tion, four  graphs,  Figures  3  through  6,  have  been  prepared 
which  correspond  to  the  data  found  in  Tables  2  through  5. 
Several  conclusions  were  drawn  regarding  the  data  found  in 
the  tables  and  the  four  graphs . 

First  it  was  noted  that  as  the  deviation,  (1  -  p)  , 
increased  between  the  null  and  alternative  hypotheses  the 
power  of  the  test  increased  very  rapidly  with  N.   Secondly 
it  was  noted  that  the  approximation  of  power  was  generally 
more  conservative  when  the  deviation  between  hypotheses  was 
small,  and  that  the  approximation  was  generally  over  opti- 
mistic for  large  N  and  (1  -  p)  . 
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However  it  should  be  noted  that  as  an  approximation 
asymptotic  power  is  quite  good  especially  as  a  means  for 
determining  how  large  a  sample  size  is  required  to  yield 
a  specific  level  of  power.   Further,  use  of  the  non-central 
chi-square  for  estimating  the  probability  of  type  II  error 
associated  with  the  test  should  be  encouraged  since  it  is  an 
efficient  method  amenable  to  all  alternative  hypotheses. 

The  results  of  the  comparison  of  significance  levels 
of  the  exact  critical  points  and  their  associated  alpha 
levels  are  presented  in  Table  1 .   The  data  presented,  are  for 
equiprobable  multinomial  distributions  of  three,  four  and 
five  classes.   Table  1  presents  the  data  in  the  following 
manner.   There  are  three  divisions  in  the  table,  the  first 
is  a  reference  division  showing  class  size  and  the  number 
of  observations,  the  second  division  is  for  the  data 
associated  with  an  alpha  of  .05,  the  third  division  is  for 
the  data  associated  with  an  alpha  of  .01.   Within  each  of 
the  latter  two  divisions  there  appear  five  columns;  the 
first  of  these  displays  the  greatest  integer  in  the  critical 
point  calculation  from  the  chi-square  table  (see  section  on 
computational  details  for  further  explanation) ,  the  second 
column  presents  the  lower  exact  critical  point,  the  third 
column  presents  the  significance  level  associated  with  this 
critical  point,  in  a  like  manner  the  fourth  and  fifth  columns 
present  the  same  data  for  the  upper  critical  point. 

Figure  2  presents  a  graphical  representation  of  the  data 
found  in  Table  1  for  a  four  class  multinomial  distribution. 


19 


w 

c: 

< 

D 

o 

CO 

!3 

1 

C 

HI 

H 

K 

Eh 

u 

D 

PQ 

a 

H 

f£ 

(--, 

Ph 

E^ 

Eh 

Ul 

£ 

H 

K 

D 

U 

i-q 

K 

^ 

ffi 

H 

B  £ 

o 

rH        PI 

s 

O 

H 

W        P4 

E 

l-M 

.-J 

CQ      S 

D 

<    o 

: . 

Eh       CO 

H 

w 

tf 

^ 

«<   CM 

P^    <C 

m 

o 

o 

u 

« 

p< 

CO 

H 

Eh 

D 

S3 

o 

H 

w 

O 

P^ 

[ , 

ffi 

tH- 

Eh 

rtj 

U 

Q 

H 

S 

Eh  < 

H 

« 

U 

c 

o 

I 
a, 

rH 

0 


LCI 
CT 

o 

a 

rH 

< 

rH 

o 


A  I 
CM    -H 

X 


IU 


U1 

A| 

CM  -H 

X 

Kl 


pM 
ul 


O    rtf 


U   ,C 
U 


i     I     I 


rl  CO  h   OD   V:   h   i- 1    ID  CO   V£;   rH   rH   O   r-i   C 

^HhMK  !-oo>X!r^r~ir)cor- 

ooooooooooooooo 
oooocooooocoooo 


<^o  cr-.  o  m  co  co  o  r^  o  :n  vr.  cr>  o  rH  oo 

l     I     i    n  ^  in  vc  vc  r-  c^  cr.  H  ^  n  ^  l^-  co  tn 

rH   rH    rH   rH   rH   rH   rH 


rH  ^  ^r  cr.  r--  r-*  r-  r-t  r-  r-  cr,  <H  in  vt'  in  in  r-  r^ 

Hon^LnrocoiN"^  in  m  H  o  mti  c  <?  ^ 
HMNcicnnc  "  ■    '  i  co  o  c  co  co 

HnHinfMfnHHrMHHHHHHHHH 
r-HOOOOOOCOCOOCOOOCO 


H  M^  IT)  fN  fO 

omt.  ro  i£  OJ  c 

fo  o  lo  o  ci  m 

o  o  o  o  c 

o  o  c  o  o  c 


U~)  *£>  f^  O  U")  CO 

c\  oo  co  *vF  ^r  in 


co  o  in  ld  rH  in  oc 

kC'  in  in  r-  o  o  (N 

in  cm  oo  o  *£>  cc  rH 

rH  VD  rH  CM  rH  CO  rH 

c  o  o  o  c  c  o 


a-,  vd  in  v.c  r~-  o  co  lo  cti  id 

rHCMCMCO^in^DkOCO 


rH  co  r-  *^'  r-  "^  co  "vf 

C     O  rH  CO  sr  VD  l—  Ch 
'  rH  rH  rH  rH  rH  rH  rH 


rOOMn^^'^^UJOOH^fCCfOCOM' 

(Nroro^inior-ooc^oojn^'VDr-ai 

rH  rH  rH  rH  rH  rH  rH 


VD  r~-  *D  C>.  CO  rH  "3* 
rH  rH  CM  CM  CO  «^f  in 


m  c  in  cm  oo  in  co 

rH   CM   CM   CO   CO  "=tf   U~) 


CM  -H 
X 
w 

Pi 
lu 


ul 

A| 

CM  -H 

X 


Pi 

«l 

ul 


CD 
g      H 

0    rd 

JH      2 

4H    tr 

CO 

I 

a  -h 

U    .C 

u 


to  *  m 

ccJ    (L 

rH     N  <H 

U  -H  0 

CO  ... 


^^rihhhriininrHcirncfMnwin 

OC0rHLnC00C^VX)"vff0r-|CCrH^rin0CrH 
r~-CM^OCOCOCMC^COrHCOCMCJ.  rHCMCOin 
COrHOCMCOrHCMC-'I'vrCOCOv^CO'vr'CO^}1^ 
OOCOOOGOOOOOOOOOO 


co  rH  in  in  in  in  o 


<<o  cri  in  r~- 

in  co  oo  c 

rH  O  rH  CM 

o  o  o  o 


r-  r-  h 
o  m  r- 

CM  "^  co 

o  o  o 


<£>m<^r^ocncx>m^c^cx>r^OrHOrH^c: 

HrNnn>*minu)hcoffiOMmirnDh 

rH    <H   rH   rH    rH   rH 


rHcooo^o>como^o^cocMcocAcomrHin 
iHcocoM<rHcri^ioAco'>^c^cNO^'^mr--in 
rHcomcococoococoorHoocorHcrivoLnin 

HmroinMJiioiniOhicincniDicirnDi/i 

rHCOrHOOOOOOOOOOCOOOO 


VO   in  VO  CA  ^  CTi  lO 
rH   CM  CM  CM   CO  CO  «tf 


roooHtocnH 
rH  in  in  m  u:  oo  in 

CO  CM  CM  rH  00  rH  rH 

o  vc  i£i  in  oo  o>  in 

CM  O  O  O  O  O  O 


o^o^^£alOOlfi,*H^^J^^v,HcocA^flln^ 
rHrHCMCMco'sj'Ln^Dr^-oocnorHCM'^int^- 

rH  rH  rH  rH  rH  rH 


oocococoor-"^cocMr-icMco'^rr--ocoooco 

HHtNinn^invDhcocriOHro^mh 

rH    rH    rH    rH    rH    rH 


o  r--  o  r^  o  m  -^f 

rH   rH   CM   CM   CO   CO  ^T 


rUcomHh^ 

rH  rH  CM  CM   CO   CO  ^ 


co^'mkDr-oocr\OrHCMco^rm<xir^cocrio 

rHiHiHrHiHiHrHiHrHrHCM 


CO 


>*  in  u>  h  co  oi  o 


^ 


20 


is 

CD 

c 

•H 
+J 

o 
u 


•H 

fa" 
CQ 


ft 

a' 

CN 

CM 

CTi 

--' 

LO 

CTi 

00 

"sf 

00 

O 

C?   CO 

CN 

CO 

r-l 

o 

CTi 

CM 

rH    CO 

H 

CO    Hhrl 

A  1 

c 

Cm 

> 

rH 

LO 

CTi 

: 

C 

LC 

«s0 

c:  cm 

C 

<sf 

o 

(  J 

C   ] 

co 

cm  cr 

LO 

CM  "5}'   LO   00 

CN    -rH 

r- 

rH 

'■-0 

LO 

Li 

en 

CTi 

CO 

rH 

CM 

LO 

CTi 

> 

00 

03  CTi 

r- 

h  m  ffl  CA 

X 

c 

o 

o 

c 

C 

O 

o 

o 

O 

O 

c 

c  o 

O 

C 

c 

O 

C 

c 

o  o 

o 

o  o  o  o 

t~J 

c 

o 

c 

c 

c 

O 

c 

c 

O 

o 

o 

o  o 

c 

O 

o 

o 

C 

o 

o  o 

c 

o  o  o  o 

fa 

|fa 

rH 

c 

H 

C  1 

H 

c 

H 

CM 

LO 

^0 

i". 

LO   O'. 

"Ssf 

LO 

•-■ 

U  / 

CM 

CTi 

00   LO 

LO 

LO  CM  LO  CM 

lu 

LO 

OC 

oc 

cr. 

C 

rH 

CM 

■^ 

LO 

Cvl 

Csi   CM 

CO 

•^r 

LO 

LO 

LO 

LO 

r~-  oo 

CTi 

O  rH  CM   CO 

r-i 

i  : 

rH 

H 

r  1 

rH 

rH 

rH   rH   rH   rH 

C 

• 

^-^ 

o 

fal 

ul 

r- 

CN 

o 

«S 

<sf 

-.' 

C 

0 

C\ 

r- 

c 

CM 

LO 

r- 

r- 

r^ 

(T. 

H  a- 

f  '; 

P-   CO   CT.   "sT 

rd 

A  1 

LO 

-< 

is! 

<sj 

c 

ro 

0 

c. 

00 

o 

vr 

CM   CO 

CO 

CO 

.-; 

L£ 

. 

VsO 

rH   CO 

CO 

r~-  r-  <t.  co 

X 

C-1  -H 

-< 

o 

H 

o 

c 

c 

rH 

--: 

o 

CO 

CO 

r^  co 

a 

.  -: 

CM 

r-i 

rH 

CM   CM 

CM 

OOJOT 

& 

X 

i — ! 

H 

p 

H 

H 

H 

,-' 

rH 

rH 

CO 

CM    CM 

H 

rH 

r-l 

rH 

rH 

rH 

rH    rH 

H 

rH    rH    rH    rH 

t~j 

C 

C 

c 

o 

c 

C 

C 

o 

O 

o 

o 

CD    O 

C 

o 

c 

o 

C 

C 

O  O 

i_: 

C  O  O  C 

''■' 

-^ 

M 

fa 

0 

fal 

CT. 

'  1 

:  - 

c 

CTi 

0  ■ 

CT 

c 

CO 

■<sr 

r- 

c3  r«- 

i"  1 

r-t 

1 

ro 

( 

r-- 

lo  ro 

--, 

co  o  n  c 

fa 

ul 

£    5m 
c    fd 

LO 

r~- 

r-» 

C   1 

CTi 

o 

rH 

H 
rH 

p ) 

■  . 

rH 

LO 
rH 

rH 

CM   CM 

•^ 

■^;- 

in 

V 

LO 

r-  oo 

a 

O   rH   CM    CO 

rH   rH   rH   rH 

r-i          P 

rH 

a 

a 

oc 

0 

<y, 

C 

rH 

CO 

>sD 

CO 

co  co 

""sT 

o 

L/  ' 

C     ! 

c 

00 

vu  ^r 

p  i 

CO  CM  CM   CO 

n-i    cr 

LO 

l* 

r- 

CO 

o 

c 

■"  ; 

CO 

'sT 

LO 

H 

CM   CM 

ro 

-si! 

«SsT 

LO 

■ . 

LO 

r^  co 

CT, 

O  rH  CM   CO 

rH 

r    1 

rH 

rH 

rH 

rH   rH   rH   rH 

i 

U    £ 

u 

Ifa 

IU 

CO 

r- 

^< 

CO 

i' 

LO 

CT 

■■; 

W3 

CM 

O 

O   CM 

r . 

O 

1  i 

<_>■ 

«sT 

LO 

•vf  ^r 

ro 

LO   LC   LO   !-- 

A  | 

r- 

t  - 

rH 

oc 

LO 

CO 

CT 

C 

CO 

<sO 

CM   CO 

yij 

r-l 

0 

!, 

i 

CO 

lo  r~- 

( 

t~-   LO   0s!   CM 

CM  -H 

-vf 

CO 

r- 

LO 

r- 

CO 

c 

00 

LO 

cn 

CO 

r-  cm 

Li 

CM 

a 

rH 

CT 

LO 

CO   LO 

"s* 

LC  "sT   rH   CT. 

X 

<=* 

•-:• 

•-j 

-. 

CO 

• 

CO 

p i 

^r 

CO 

CO 

(M    CO 

ro 

CO 

f) 

CO 

p  i 

^ 

CO  "C 

p  1 

-sj'  «sj-  ^   CO 

i 

1 

fa 
Ifa 

o 

O 

o 

c 

o 

O 

c 

c 

o 

o 

o 

O   O 

c 

o 

o 

o 

o 

o 

o  c 

o 

c  o  o  c 

co 

o 

r- 

00 

r- 

V'   i 

r- 

oc 

CTi 

o 

IS 

O   LO 

C" 

LO 

CM 

r- 

CM 

CTi 

00  CO 

"nP 

rH   O   rH    O 

lu 

LO 

v'. 

LO 

r-«- 

00 

a-. 

o 

rH 

CM 

«s}< 

rH 

(M   CM 

!■  : 

CO 

"* 

""sf 

LO 

LO 

lo  r^ 

CO 

CT  O  rH   CM 

ID 

rH 

rH 

rH 

rH 

rH    rH    rH 

C 

o 

fa| 

ul 

CM 

r- 

CN 

o 

LO 

cr 

' 

c 

C^ 

CM 

o 

O   LO 

CM 

CTi 

CO 

CM 

o 

o 

^r  r- 

rH 

CO   LO   LO   CO 

co 

A  | 

r- 

CM 

O 

rH 

'-' 

r- 

CT 

!-- 

o 

LO 

VD 

LO   CTi 

CO 

CO 

CO 

CO 

si; 

LO 

LO  CO 

CO 

CM   r-l   rH    LO 

rH 

CN  -H 

CM 

!'"'. 

o 

c 

CM 

C  : 

CTi 

C 

•^ 

00 

r- 

[->■   CM 

CO 

CO 

LO 

o 

CO 

CO 

c  «* 

CM 

LO  rH   O   O 

X 

LO 

LO 

^: 

LO 

LO 

LO 

LO 

LO 

LO 

LO 

CT. 

CTi  rH 

LO 

LO 

LO 

LO 

r> 

L£> 

lo  r- 

LO 

LO   LO  LO   LO 

W 

O 

O 

c 

o 

O 

o 

o 

o 

o 

o 

O 

O  rH 

o 

O 

o 

o 

o 

O 

o  o 

O 

O  O   O   O 

< 

u 

fa 

0 

fa 

fa| 

rH 

00 

LO 

LO 

LO 

-:< 

to 

LC 

r- 

CO 

CO 

00  rH 

0 

CO 

00 

LO 

o 

r- 

LO   rH 

CM 

cr  oo  CTi  r- 

ul 

m 

LD 

LO 

r- 

CO 

CT) 

c 

rH 

CM 

CO 

rH 

■H  CM 

CM 

CO 

CO 

•-5 

in 

LO 

LO   I"- 

00 

COOIOH 

■H 

rH 

rH 

rH 

rH    rH 

0) 

£    u 

O     CO 

H     3 

rH 

<Ti 

r- 

LO 

LO 

lo 

LO 

LO 

r^ 

CTi 

«sT 

00  CO 

r~- 

CO 

00 

LO 

rH 

00 

lO  CO 

rH 

o  oo  co  r- 

m    D1 

LO 

LO 

LO 

r- 

00 

CTi 

o 

rH 

CM 

CO 

rH 

rH   CM 

C  J 

CO 

CO 

«st 

LO 

LO 

lo  r* 

CO 

CT   CT   O   rH 

1 

rH 

rH 

rH 

rH 

rH   rH 

S  -H 

u   ,£ 

u 

V. 

13  in 

6 

CD 
N  M-i 

rH 

CM 

co 

"sT 

L0 

LO 

r- 

00 

CTi 

O 

LO 

vo  r~- 

CO 

CTi 

o 

rH 

CM 

CO 

■"sT  m 

LO 

r-  co  cr  o 

w 
rd 

rH 

H 

rH 

H 

rH 

rH 

H 

rH 

rH 

rH 

CM 

rH 

rH 

i  -: 

rH 

rH    rH 

rH 

rH   rH   rH   CM 

u 

■H    C 

■^r 

LO 

21 


20i 


u 
o 
u 
u 

H 

0) 
G. 
>i 
Eh 

m 

o 

>1 

4-> 
•H 

rH 

■H 
.Q 

td 

o 
u 
ft 


.125- 


100 


.075 


.050 


.025- 

.010 
.000 


k 


Four  Cla:    lultinomial 
Distribution 


J, 


^ 


X-L^iJlTll 


5- 


5  10  15 

Number  of  Observations 


20 


Figure  2.   Significance  Levels  of  Calculated  Critical  Points 


2  2 


The  upper  and  lower  critical  points  straddle  their  respec 
tive  alpha  level  and  are  connected  by  a  straight  line.   In 
the  case  where  the  two  alpha  levels  share  common  upper  and 
lower  critical  points  a  double  line  connects  the  two  asso- 
ciated significance  levels. 

The  data  presented  in  Table  1  and  the  graph,  Figure  2, 
indicate  that  the  critical  point  associated  with  the  chi- 
square  test  is  a  very  good  approximation  to  the  exact 
critical  points,  and  is  always  bounded  by  the  upper  critical 
point.   In  those  cases  where  it  is  not  bounded  by  the  lower 
critical  point  it  does  increase  the  probability  of  type  I 
error,  however  this  occurs  infrequently. 
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Figure  3.   A  Comparison  of  the  Fxact  and  Asymptotic 
Powers  of  the  Chi-square  Test  for  a  Three  Class 
Multinomial  Distribution  with  an  Alpha  =  .05. 

The  following  remarks  are  applicable  to  Figures  3,  4,  5 
and  6  only.   The  asymptotic  or  approximate  power  appears  as 
the  smooth  curves  in  all  figures ,  whereas  the  exact  power 
curves  are  the  jagged  lines  connecting  the  heavy  dots.   The 
p  values  indicated  to  the  left  of  the  curves  were  those 
associated  with  p?  =  p/k  for  the  alternative  hypotheses. 
The  power  of  the  test  is  plotted  on  the  ordinate  versus  the 
number  of  observations,  N;  as  plotted  on  the  abcissa. 

This  figure  corresponds  to  the  data  presented  in  Table  2 
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Figure  4.   A  Comparison  of  the  Fxact  and  Asymptotic 
Powers  of  the  Chi-square  Test  for  a  Three  Class 
Multinomial  Distribution  with  an  Alpha  =  .01. 


See  notes  for  Figure  3 . 

This  figure  corresponds  to  the  data  presented  in  Table  3 
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Figure  5.  A  Comparison  of  the  Fxact  and  Asymptotic 
Powers  of  the  Chi-square  Test  for  a  Four  CJass 
Multinomial  Distribution  with  an  Alpha  =  .05. 


See  notes  for  Figure  3 . 

This  figure  corresponds  to  the  data  presented  in  Table  4 
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Figure  f.  A  Comparison  of  the  Exact  and  Asymptotic 
Powers  of  the  Chi-square  Test  for  a  Four  Class 
Multinomial  Distribution  v;ith  an  Alpha  =  .01. 


See  notes  for  Figure  3. 

This  figure  corresponds  to  the  data  presented  in  Table  5 
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TABLE  2. 

A  COMPARISON  OF 

THI     iCT 

)  ASYMPTOTIC 

!ER 

FOR  ALPHA=.05 

AND  RHO= 

:.80 

K  CLASSES 

N  OBSERVATIONS 

EXACT  POWE 

R   ASYMPT  POWER 

LAMBDA 

3 

3 

0.13° 

0.02416 

0.2 

3 

4 

0.05" 

0.032 

0.3200 

3 

5 

. 

0.040 

C.4 

3 

6 

0.< 

0.04c. 

0.4800 

3 

7 

0.0  4  726 

0.0  56 

0.5600 

3 

8 

0.11708 

0.065   • 

0.64  00 

3 

9 

0.10  546 

0.07  3  34 

0.7200 

3 

10 

0.13304 

0.08163 

0.8000 

3 

11 

0.( 

0.08994 

0.8800 

3 

12 

0.16537 

0.09826 

0.9600 

3 

13 

0.109 

0. 10660 

1.0400 

3 

14 

0.16  283 

0. 1149  6 

1.  1200 

3 

15 

0. 

0.12333 

1.2000 

3 

16 

0.18  3 

0.13171 

1.2800 

3 

17 

0.14074 

0.14010 

1.3600 

3 

18 

0.15756 

0.14849 

1.4400 

3 

19 

Cc 16205 

0.15689 

1.5200 

3 

20 

0.20205 

0.16529 

1.6000 

FOR  ALPHA=.05   AND  RH0=.50 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


FOR  ALPHA=.05   AND  RH0=.20 


0, 

=30556 

0. 

,19907 

0, 

,13  194 

0. 

,3  5250 

1  , 

,26363 

0, 

,46910 

0, 

,44673 

0, 

,5  598  0 

0, 

,5  0295 

(■. 

,64798 

0, 

,57061 

0, 

,69676 

0, 

,65994 

0, 

,75550 

0, 

.70068 

0. 

.78817 

0. 

,76348 

0. 

,82877 

0. 

15479 

1. 

5000 

0. 

2072  3 

2. 

0000 

0« 

2  592  8 

2. 

5000 

0. 

310 

3. 

0000 

0. 

,3  604  2 

3. 

5000 

0« 

40878 

4. 

0000 

0. 

45527 

4. 

5000 

0. 

,49968 

5. 

0000 

0. 

5  418  5 

5. 

5000 

0. 

,58167 

6« 

,0000 

0. 

61907 

6. 

5000 

0. 

6  5404 

7. 

0000 

0. 

68659 

7, 

,  5CC0 

0. 

,71675 

8. 

0000 

0. 

74460 

8« 

.5000 

0, 

,77022 

9. 

,0000 

0. 

,79371 

9. 

5000 

0, 

,81517 

10. 

,0000 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


3 

0.65156 

0.39349 

3. 8400 

4 

0.56421 

0.51001 

5.1200 

5 

0.48895 

0.61179 

6.4000 

6 

0.8  1492 

0.69772 

7.6800 

7 

0.76276 

0.76825 

8.9600 

8 

0.92096 

0.82478 

10.2400 

9 

0.91393 

0.86917 

11.5200 

10 

0.96596 

0.90342 

12.8000 

11 

0.95682 

0.92544 

14.0800 

12 

0.98606 

0.94893 

15.3600 

13 

0.97978 

0.96336 

16.6400 

14 

0.99373 

0.97392 

17.9200 

15 

0.99216 

0.98157 

19.2000 

16 

0.99746 

0.98707 

20.4800 

17 

0.99621 

0.99099 

21.7600 

18 

0.99883 

0.99  37  5 

23.0400 

19 

0.99855 

0.99569 

24.3200 

20 

0.99953 

0.99705 

25.6000 

28 


TABLE   3.  A  COMPARISON  OF  THE  EXACT  AND  ASYMPTOTK     IER 

FOR  ALPHA=.01   AMD  RHO=.80 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWI 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


3 
4 
5 
6 

7 

p 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.0 

0.0 

0.02483 

0.01105 

0.00501 

0.02399 

0.01220 

0.0  3622 

0.01996 

0.04712 

0.03567 

0.04144 

0.03  895 

0.04069 

0.0  4  567 

0.06079 

0.05796 

0.05416 


0.0  07  09 

0.( 

0.01222 

0.01490 

0.01767 

0.02052 

0.02345 

0.02< 

0.029  54 

0.03  271 

0.03596 

0.03928 

0.04269 

0.04617 

0.04972 

0.05335 

0.057  06 

0.06084 


LAMBDA 

0. 

,2400 

0. 

3200 

0. 

4000 

0. 

,4800 

0, 

,5600 

0, 

,6400 

0. 

,7200 

0, 

,8000 

0, 

.8800 

0. 

,9600 

1. 

,  0400 

1, 

,1200 

1. 

,2000 

1 

.2800 

1 

.3600 

1 

.4400 

1 

.5200 

1 

.6000 

FOR  ALPHA=.01   AND  Rh0=.50 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.0 

0.0 

0.13194 

0.08783 

0.05853 

0.19514 

0.14308 

0.29918 

0.23412 

0.39310 

0.35116 

0.39515 

0.41748 

0.42304 

0.48625 

0.55078 

0.56675 

0.56355 


0.0  5613 

0.08081 

0.10812 

0.13775 

0. 16936 

0.20261 

0  .  2  3  7  1  3 

0.27256 

0 . 

0. 34483 

0.38106 

0.41698 

0.4523  5 

0.48696 

0.52064 

0.55324 

0.5  84  64 

0.61474 


FOR  ALPHA=.01   AND  RHO^.20 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.0 

0.0 

0.48895 

0.42375 

0.36725 

0.71C02 

0.6  57  79 

0.86149 

0.82754 

0.93543 

0.92404 

0.94191 

0.96208 

0.96291 

0.98183 

0.98804 

0.99217 

0.99226 


0.19182 
0.28116 
0.37383 
0.46490 
0. 55068 
0.62870 
0.69764 
0.75708 
0.80723 
0.84876 
0.88259 
0.90975 
0.93125 
0.94807 
0.96109 
0.97106 
0.97863 
0.98432 


1. 

5000 

2. 

0000 

2. 

5000 

3. 

0000 

3. 

5000 

4. 

0000 

4. 

5000 

5. 

COOO 

5. 

5000 

6. 

0000 

6. 

5000 

7. 

0000 

7. 

5000 

8. 

0000 

8. 

,5000 

9, 

,0000 

9. 

,  5000 

10. 

,0000 

LAMBDA 

3, 

,  8400 

5. 

,  1200 

6, 

.4000 

7, 

.6800 

8, 

.9600 

10 

.2400 

11 

.5200 

12 

.8000 

14, 

.0800 

15 

.3600 

16 

.6400 

17 

.9200 

19 

.2000 

20 

.4800 

21 

.7600 

23 

.  C400 

24 

.3200 

25 

.6000 

29 


4 

0,03040 

0.02526 

0.4800 

5 

0.] 

0.03205 

0.6000 

6 

0.04576 

0.03902 

0.7200 

7 

0.11' 

0.04617 

0.8400 

8 

O.- 

0.05349 

0.9600 

9 

O.I  1S2  3 

0.06098 

1.0800 

10 

0.10' 

0.06863 

1.2000 

11 

0.1 

0.07644 

1.32C0 

12 

0.14386 

0.08441 

1.4400 

13 

0.13  - 

0.09252 

1.5600 

14 

0.16198 

0.10077 

1.6800 

15 

0.14: 

0.10915 

1.8000 

16 

0  . 1  7  ' 

0.11766 

1.92  0  0 

17 

0.17  019 

0.  12630 

2.0400 

18 

0.17643 

0.13505 

2.  1600 

19 

0.20c 

0. 14391 

2.2800 

20 

0.19".   i 

0.15287 

2.4000 

TABLE    4.        A    COMPARISON    OF    THE    EXACT    A  PTOTIC    POWER 

FOR    ALPHA=*05  RH0=.80 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

FOR  ALPHA=.05   AND  RH0=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

FOR  ALPHA=.05   AND  RH0=.20 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


4 

0.15332 

0.19900 

3.0000 

5 

0.38 

0.25885 

3.7500 

6 

0.27467 

0.31975 

4.5000 

7 

0.4  76  89 

0.38041 

5.2500 

8 

0.41039 

0.4  3970 

6.0  000 

9 

0.55701 

0.49673 

6.7500 

10 

0.53256 

0.55083 

7.5000 

11 

0.63100 

0.60150 

8.2  50  0 

12 

0.65833 

0.64  844 

9.000  0 

13 

0.68135 

0.69150 

9.7500 

14 

0.7  4  564 

0.73063 

10.5000 

15 

0.72829 

0.76592 

11.2500 

16 

0.80150 

0.79749 

12.0000 

17 

0.79943 

0.82  554 

12.7500 

18 

0.82551 

0.85032 

13.5000 

19 

0.86713 

0.87207 

14.2500 

20 

0.8  626  5 

0.89105 

15.00C0 

4 

0.52203 

0.56322 

7.68C0 

5 

0.83530 

0.68320 

9.6000 

6 

0.7  7  649 

0.7777  0 

11.5200 

7 

0.92625 

0.84345 

13.4400 

8 

0.90482 

0.89926 

15. 3600 

9 

0.9  6718 

0.93451 

17.2800 

10 

0.96351 

0.95827 

19.2000 

11 

0.98592 

0.9736  7 

21. 1200 

12 

0.98844 

0.98390 

23.0400 

13 

0.99360 

0.99023 

24.9600 

14 

0.99679 

0.99415 

26.8800 

15 

0.99712 

1.00000 

28.8000 

16 

0.99907 

1.00000 

30.7200 

17 

0.99907 

1.00000 

32.6400 

18 

0.99956 

1.00000 

34.5600 

19 

0.99981 

1.00000 

36.4800 

20 

0.99983 

1.00000 

38.4000 

30 


TABLE  5.   A  COMPARISON  OF  THE  EX     iND  ASYMPTOTIC  POWER 

FOR  ALPHA=.01   AND  RH0=.80 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER 


4 
4 
4 
4 

4 
4 
4 
4 

4 
•; 

4 
4 
4 
4 
4 
4 


K  CLASSES 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.03  0 

0.01120 

0.04576 

0.0 

0.02383 

0.02598 

0.< 

0.03k: 

0.061 

0.04302 

0.06531 

0.06::: 

0.06785 
0.07013 

o.c  . 

0.03* 
0.07278 


0.006! 

0.00856 
0.01066 
0.01289 
0.01526 
0.01777 
0.02042 
0.02320 
0.02613 
0.02920 
0.03241 
0.03577 
03926 
04290 
04663 
05060 


0 
0 
0 


0.05466 


LAMBDA 

0, 

,4800 

0. 

6000 

0. 

7200 

0. 

8400 

0, 

,9600 

1, 

,0800 

1. 

,2000 

1, 

,3200 

1. 

,4400 

1. 

,5600 

1. 

,6800 

1. 

,8000 

1. 

.9200 

2, 

.0400 

2, 

.1600 

2, 

.2800 

2 

.4000 

FOR  ALPHA=.01   AND  RHO=.50 
OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


4 

5 

6 

7 

8 

9 

10 

I  1 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.15332 
0.09 
0.27467 
0.19379 
0.21342 
0.2817"' 
0.39447 
0.36744 
0.513 
0.45  59  5 
0.57442 
0.5  6'; 
0.62399 
63  ' 
67  375 
71001 
70840 


0. 
0. 
0. 
0. 
0. 


0, 
0, 
0, 
0, 


07699 
10946 
14644 
18722 
23102 
0.27700 
0.32435 
0.37229 
0.42013 
0.46722 
0.51304 
0.55715 
0.59919 
0.63892 
0.67614 
0.71076 
0.74272 


3, 

3, 

4, 

5 

6 

6 

7 


COOO 
7500 
5000 
2500 
0000 
7500 
5000 
2500 
,0000 
9.7500 
10.500  0 
2500 
0000 
7  500 
5000 
2500 
COCO 


i 


11 

12, 

12, 

13 

14 

15 


FOR  ALPHA=.01   AND  RH0=.20 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 


4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.52203 
0.443  71 
0.77649 
0.71653 
0.73639 
85915 
9  2118 
93254 
97633 
0.96948 
0.98897 
0.98331 
0.99477 
0.99517 
0.99760 
0.99836 
0.99885 


0.33583 
0.45789 
0.57254 
0.67326 
0.75713 
0.82396 
0.87528 
0.91344 
0.94105 
0.96054 


00000 
00000 
00000 
00000 
00000 
00000 
00000 


6800 
6000 
5200 
4400 
3600 
,2800 
,2000 
,1200 
,0400 
24.9600 
26. 8800 
8000 
7200 
6400 
5600 
4800 
4000 


7, 
9. 
11, 
13 
15 
17 
19 
21 
23 


28, 

30, 

32, 

34 

36 

38 


31 


TABLE      6.      A    i  RISON    OF    THE    EXAC  PTOTIC    POW 


FOR    ALPHA=.05  ID    RHO=.80 

K    CLASSES    N    OBSERVATIONS       EXACT    POWER       ASYMPT    POWER    LAMBDA 


5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.07122 

0.( 

0.08421 

0.13: 

0.09830 
13028 
11505 
14248 
17- 

0.1 

0.1 

0.22^ 

0.20' 

0.21 7 

0.245 

0.2  53  81 


0.05987 
0.07205 
0.0  8431 
0.09664 
0.  10904 
0. 12152 
0.  13406 
0.14666 
0.15932 
0.17203 
0.18478 
0.1975  8 
0.21040 
0.22324 
0.23611 
0.24898 


0.8000 
0.9600 
1.1200 
1.2800 
1.4400 
1.6000 
1.7600 
1.9200 
2.0800 
2.2400 
2.4000 
2.5600 
2.7200 
2.8800 
3.04  0  0 
3.2000 


FOR  ALPHA=*05   AND  RH0=.50 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.331   I 

0.31360 

0.441 

0.59945 

0.53582 

0.6  4  820 

0.62  7  75. 

0.70302 

0.7  8  344 

0.787: 

0.8).fa03 

0.8671 6 

0,; 

0.88771 

0.90873 

0.91907 


0.3  9193 
0.4674  5 
0.53835 
0.60365 
0.66278 
0.71551 
0.76189 
0.80219 
0.83681 
0.86625 
0.89105 
0.91177 
0.92894 
0.94307 
0.9  5461 
0.96398 


5.C000 

6.0000 

7.0C00 

8.0000 

9.0000 

10.0000 

0000 

0000 

0000 

14. 000  0 

15.0000 

0000 

0000 

0000 

0000 

20.0000 


11 

12 
1.3 


16 
17 

18 
19 


FOR  ALPHA-. 05   AND  RHO=.20 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.81656 
0.80069 
0.91806 
0.97371 
0.96504 
0.9  8771 
0.98636 
0.99458 
0.99825 
0.99827 
0.99923 
0.99972 
0.99972 
0.99989 
0.99994 
0.99996 


0.83032 
0.89895 
0.94204 
0.96781 
0.98263 
0.99086 
C. 99530 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 


12. 
15. 
17. 
20. 
23. 
25. 
28. 
30. 
33. 
35. 
38. 
4  0 . 
43. 
46. 
48. 
51. 


8000 
3600 
9200 
4800 
0400 
6000 
1600 
7200 
2800 
8400 
4000 
9600 
5200 
0  80  0 
6400 
2000 


32 


5 

0.0C' 

0.01756 

0.8000 

6 

0.02: 

0.02162 

Co  96  0  0 

7 

0.02576 

0.02588 

1.1200 

8 

0  .  0  3  C 

0.03C 

1.2800 

9 

0.04878 

0.03500 

1.4400 

10 

0.0  3  348 

0.03986 

1.6000 

11 

0.0  5: 

0.0449  2 

1.7600 

12 

0.047 

0.05019 

1.9200 

13 

0. 

0.05566 

2.0800 

14 

0.06'. 

0.06134 

2.2400 

15 

0.07398 

0.06721 

2.4000 

16 

0.09  2 

0.07329 

2.5600 

17 

0.07? 

0.0795  6 

2.7200 

18 

0.09C 

0.0  8603 

2.8800 

19 

0.113 

0.09268 

3.0400 

20 

0.10792 

0.09953 

3.2000 

TABLE   7.   A  COMPARISON  OF  Tl  NO  ASYMPTOTIC  POWER 

FOR  ALPHAS. 01     ID  RH0=.8  0 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

FOR  ALPHA=.0i   AND  RH0=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

FOR  ALPHA=. 01   AND  RH0=.20 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 


5 

0.07  780 

0. 18798 

5.0000 

6 

0.2  3. 

0.2442  5 

6.0000 

7 

0  . 2  2 ' . 

0.30363 

7.C000 

8 

0.3  lr 

0.36450 

8.0000 

9 

0.3  93  34 

0.42540 

9.0000 

10 

0.38713 

0.48505 

10.0000 

11 

0.51170 

0.54239 

11.0000 

12 

0.48; 

0. 59659 

12.0000 

13 

0.5  8; 

0.64709 

13.0CC0 

14 

0.59' 

0.6934  9 

14.0000 

15 

0.65 

0.73563 

15.CO0O 

1  6 

0.730 

0.77  34  7 

16.0000 

17 

0.69224 

0.80710 

17.0000 

18 

0.7  5  843 

0.83671 

18.0000 

19 

0.80862 

0.86256 

19.0000 

20 

0.80954 

0.88495 

20.0000 

5 

0.41821 

0.63731 

12. 8000 

6 

0.75278 

0.74974 

15.3600 

7 

0.74476 

0.83448 

17.9200 

8 

0.8  7740 

0.89455 

20.4800 

9 

0.91322 

0.93501 

23.0400 

10 

0.93  944 

0.96112 

25.6000 

11 

0.97334 

1.00000 

28.  1600 

12 

0.97355 

1.00000 

30.7200 

13 

0.99017 

1.00000 

33.2800 

14 

0.99097 

1.00000 

35.8400 

15 

0.99577 

1.00000 

38.4000 

16 

0.99  8  50 

1.00000 

40.9600 

17 

0.99800 

1.00000 

43.5200 

18 

0.99928 

1.00000 

4  6.0800 

19 

0.99965 

1.00000 

48.6400 

20 

0.99973 

1.00000 

51.2000 
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TABLE  8.   A  CCMPARISCN  OF  THE  EXAC       ASYMPTOTIC  POWER 

FOR  ALPHA=.C    AND  RHO=.80 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 

FOR  ALPHA=.05   AND  RHO=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


6 

0.12897 

0.0  56  20 

1.2000 

7 

0.0  5646 

0.066 

1.4000 

8 

0.13134 

0.07725 

1.6000 

9 

0.146 

0.08821 

1.8000 

10 

0.13494 

0.09945 

2.0000 

11 

0.15497 

0.11095 

2.2000 

12 

0.14266 

0.12272 

2.4000 

13 

0.166 

0.13472 

2.6000 

14 

0.185  75 

0* 14696 

2.8000 

15 

0.19  347 

0.15942 

3.0000 

16 

0.194 

0. 17209 

3.2000 

17 

0.22^. 

0. 18494 

3. 4000 

18 

0.25010 

0. 1979  7 

3.6000 

19 

0.23648 

0.21115 

3. 8000 

20 

0.27689 

0.22448 

4.0000 

6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.52450 

0.3  9  794 

0.59389 

0.656 

0.65761 

0.73460 

0.7  2763 

0.7  8  069 

0.83322 

0.844  12 

0.86201 

0.89879 

0.91686 

0.91846 

0.94  311 


0. 

46396 

7. 

5000 

0. 

54410 

3. 

7500 

0. 

61767 

10. 

0000 

0. 

68353 

11. 

2500 

0. 

74119 

12. 

5000 

0, 

79071 

13, 

7500 

0. 

83251 

15. 

0000 

0. 

86726 

16. 

,2500 

C. 

!    76 

17. 

5000 

0, 

91883 

18. 

7  5  00 

0. 

93730 

20. 

.0000 

0. 

95192 

21. 

,2500 

0. 

,96340 

22. 

,5000 

0. 

97232 

23. 

,7500 

0. 

97920 

25, 

,0000 

FOR  ALPHA=.05   AND  RN0=.20 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


6 

0.93995 

0.92597 

19.2000 

7 

0.90743 

0.96258 

22.4000 

8 

0.97303 

0.98191 

25.6000 

9 

0.98332 

1.00000 

28. 8000 

10 

0.98837 

1.00000 

32.0000 

11 

0.99580 

1.00000 

35.2CC0 

12 

0.99569 

1.00000 

38.4000 

13 

0.99824 

1.00000 

41.6000 

14 

0.99939 

1.00000 

44. 80  00 

15 

0.99947 

1.00000 

48.0000 

16 

0.99975 

1.00000 

51.2000 

17 

0.99992 

1.00000 

54.4000 

18 

0.99995 

1.00000 

57.6000 

19 

0.99997 

1.00000 

60.8000 

20 

0.99999 

1.00000 

64.0000 
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TABLE  9.   A  COMPARISON  OF  THE         >ND  ASYMPTOTIC  POWER 

FOR  ALPHA-.Ol   AND  RH0=.80 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0 . 0 
0.04877 

0? 

04  524 
0  7  537 
04993 

0.06 

995 
234 

0.03953 

0.08 

0 . 1 r 

0.1  3 

0.13 

0.12  507 


0.01546 
0.01836 
0.02253 
0.02645 
0.03065 
0.03512 
0.03988 
0.04491 
0.05022 
0.05  582 
0.06170 
0.06786 
0.074  29 
0.08100 
0.08799 


i 

1  . 
] 

I 

2 
2 
2 
2 
3 
3 
3 
3 
3 
4 


2000 
4  000 
6000 
8000 
0000 
2000 
4000 
6CC0 
8000 
0000 
2000 
4000 
6000 
8000 
,0000 


FOR  ALPHA=.01   AND  RH0=.50 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

2  0 


0.20837 

0.3  84! 

0.2  9472 

0.44362 

0.55132 

0.5  1073 

0.61700 

0.64164 

0.6  846  8 

0.7  2  362 

0.73490 

0.79040 

0.83205 

0.83  02  8 

0.86053 


0.24699 
0.31517 
0.38544 
0.45553 
0.52348 
0.58777 
0.64730 
0.70136 
0.74962 
0.79204 
0.82880 
0.86  024 
0.88681 
0.90902 
1.00000 


5000 
7500 
0000 
2500 
5000 
7500 
OOCO 
2500 
50  00 
7500 
20.0000 
21.2500 
22.5000 
23.7500 
25.0000 


7, 
8, 
10, 
11. 
12 
13 
15 
16, 
17 
1 


FOR  ALPHA=.01   AND  RH0=.20 


K 


CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


0.73678 
0.90423 
0.86954 
0.95230 
0.97457 
0.97747 
0.99117 
0.99294 
0.99665 
0.99794 
0.99859 
0.99947 
0.9  9  977 
0.99979 
0.99992 


0.80591 
0.8  848  5 


00000 

ri-;.: 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 


2000 
4000 
6000 
8000 
,0000 
2000 
,4000 
,6000 
,8000 
,0000 
,2000 
,4000 
57.6000 
60. 8000 
64.0000 


19 
22 
25 
28 
32 
35 
38 
41 
44 
48 
51 
54 
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TABLE  10.  A  COMPARISON  OF  THE  EXACT  AN  ER 

FOR  ALPHA=.05   AND  RHO=.80 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


7 

7 
7 
7 
7 
7 
7 
7 
7 
7 
1 
7 
7 
7 


7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.09901 
O.IK 

0  .  1  '  ' 
0.  I 
0.  I 

0,3 

0.] 

0.20: 

0.20^ 

0.25^ 

0.24901 

0.26139 

0.2  81 

0.291 


10669 
12232 
1.3(307 
15396 
16998 
18611 
20  23  5 
21869 
2  3  511 
0.25159 
0.26811 
0.28467 
0.30124 
0.31780 


1*6800 
1.9200 
2.1600 
2.4000 
2.6400 
2.8800 
3.1200 
3.3600 
6000 
8400 
0800 
3200 
4.5600 
4.8000 


3 

3 
<'; 


FOR  ALPHA=.05   AND  RH0=.50 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


7 
7 
7 

7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 


7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.49341 
0.57324 
0.684- 

66817 
72628 
80300 
81511 
84' 

,87770 
0.91035 
0.91481 
0.93; 
0.94'-' 
0.95508 


0 
0 
0 

0 

o, 

0 


0.66851 
0.73747 
0.79527 
0.84260 
0.88057 
0.91048 
0.93365 
0.9  5134 
0.96467 
0.97458 
0.98186 
Oc 98717 
0.99099 
1.00000 


10. 
12. 
13. 
15. 
16. 
18. 
19. 
21. 
22. 
24. 
25. 
27. 
28. 
30. 


5000 
0000 
5000 
0000 
5000 
0000 
5000 
0000 
5000 
0000 
5  000 
0000 
5000 
0000 


FOR  ALPHA=.05   AND  RhO=.20 


K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 


7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.93447 
0.97112 
0.99042 
0.9  8922 
0.99566 
0.99853 
0.99S82 
0.99949 
0.99980 
0.99  991 
0.99994 
0.99998 
0.99999 
0.99999 


0.98680 


00000 
00000 
00000 


1.00000 


00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 


26. 
30. 
34. 
38. 
42. 
46. 
49. 
53. 
57. 
61. 
65. 
69. 
72, 
76. 


8800 
7200 
5600 
3999 
2399 
0800 
9199 
7599 
5999 
4399 
2799 
1199 
9599 
7999 
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RVATIONS   EXACT  PC 

AG Y MPT  PC 

LAMBDA 

7 

0.04] 

0.03: 

1.6  800 

8 

0.04, 

0.039 

1.9200 

9 

0.042 

0.04596 

2.  1600 

10 

0.( 

0.05269 

2.4i 

11 

0.06, 

0.05S 

2 .  6 

12 

0 .  c 

0.06722 

2.8800 

13 

0 . 0 

0.07501 

3.1200 

14 

0.1022  5 

0.08316 

3.3600 

15 

0 . 

0.09165 

3.6000 

16 

0.1  14 

0. 10049 

3.8400 

17 

o.  • 

0.10966 

4.0800 

18 

0. 

0. 11916 

4.3200 

19 

0.13622 

0. 12897 

4.5600 

20 

0.15174 

0,13909 

4.8000 

TA3LB  11.  A  COMPARISON  OF  THE  C  POWER 

FOR  ALPHA=.01   AND  RH0=.80 

K  CLASSES  N  i 

7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 

FOR  ALPHA=.01   AND  RH0=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

7 
7 
7 
7 

7 
7 
7 
7 
7 
7 
7 
7 
7 
7 

FOR  ALPHA=.01   AND  RH0=.20 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 


7 

0.36  874 

0.43344 

10.5000 

8 

0.37956 

0.51365 

12.0000 

9 

0.43  7  87 

0.58916 

13.5000 

10 

0.56521 

0.65  816 

15.0000 

11 

0.56' 

0.71958 

16.5000 

12 

0.63207 

0.77302 

18.0000 

13 

0.70813 

0.81857 

19.5000 

14 

0.73936 

0.85668 

21.0000 

15 

0.75457 

0.88803 

22.5000 

16 

0.81195 

0.91344 

24.0000 

17 

0.83415 

0.933  74 

25. 5000 

18 

0.84937 

1.00000 

27.0000 

19 

0.87789 

1.00000 

28.5000 

20 

0.89761 

1.00000 

30.0000 

7 

0.89980 

1.00000 

26.8800 

8 

0.9052.C 

1.00000 

30.7200 

9 

0.9  5153 

1.00000 

34.5600 

10 

0.98290 

1.00000 

38. 3999 

11 

0.9  8  244 

1.00000 

42.2399 

12 

0.99251 

1.00000 

46.0800 

13 

0.99713 

1.00000 

49.9199 

14 

0.99790 

1.00000 

53.7599 

15 

0.99882 

1.00000 

57.5999 

16 

0.99  959 

1.00000 

61.4399 

17 

0.99971 

1.00000 

65.2799 

18 

0.99984 

1.00000 

69. 1199 

19 

0.99994 

1.00000 

72.9599 

20 

0.99996 

1.00000 

76.7999 
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TABLE  12-  A  COMPARISON  OF  TH         AND  ASYMPTOTIC  i 

FOR  ALPHA=.05   AND  RHO=.80 
K 


CLASSES  N  OBSERVATIONS 

CT  PC   : 

AS Y MPT  POW 

ER  LAMBDA 

8 

0.0  8' 

0.09  899 

2.24  00 

8 

9 

0  .  1 4  ! 

0. 11311 

2.5200 

8 

10 

0.15: 

0.12763 

2.8000 

8 

11 

0  .  ] 

0.142  53 

3 .  0 

8 

12 

0.19G 

0.15780 

3.:: 

8 

13 

0.215 

0.17  340 

3.6 

8 

14 

0.23  146 

0.  18932 

3.9 

8 

15 

0.25122 

0.20553 

4.2000 

:. 

16 

0.2 

0.22200 

4.4800 

8 

17 

0 . 

0.23  870 

4.7600 

8 

18 

0.27118 

0.25560 

5.0400 

8 

19 

0.301 

0, 27266 

5.3200 

8 

20 

0.311 

0.28986 

5.6CC0 

FOR  ALPHA=.05 

AND  RHO-. 

50 

CLASSES  N  OESERVATIONS 

EXACT  POWER 

ASYMPT  POWER  LAMBDA 

8 

8 

0.54111 

0.74563 

14.0000 

8 

9 

0.6  8  807 

0.8073  2 

15.7500 

8 

10 

0.73683 

0.85666 

17.5000 

8 

11 

0.79325 

0.89512 

19.2500 

8 

12 

0.81561 

0.92442 

21.0000 

8 

13 

0.86263 

0.94630 

22.7500 

8 

1'; 

0.88081 

0.96235 

24.5000 

8 

15 

0.90123 

C. 97392 

26.2500 

8 

16 

0.91431 

1.00000 

28.0000 

8 

IT 

0.93827 

1.00000 

29.7500 

8 

18 

0.93937 

1.00000 

31.5000 

8 

19 

0.95649 

1.00000 

33.2500 

8 

20 

0.96613 

1, 00000 

35.0000 

FOR  ALPHA=.05   AND  RH0=.20 

K    CLASSES    N    OBSERVATIONS       EXACT    POWER       ASYMPT    POWER    LAMBDA 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 


8 

0.96773 

1.00000 

3  5.84  00 

9 

0.99055 

1.00000 

40.3200 

10 

0.9  945  8 

1.00000 

44.8000 

11 

0.99737 

1.00000 

49.2800 

12 

0.99877 

1.00000 

53.7600 

13 

0.99957 

1.00000 

58.2400 

14 

0.99971 

1.00000 

62.7200 

15 

0.99986 

1.00000 

67.2000 

16 

0.99994 

1.00000 

71.6800 

17 

0.99997 

1.00000 

76.1599 

18 

0.99998 

1.00000 

80.6400 

19 

0.99999 

1.00000 

8  5.1199 

20 

1 .00000 

1.00000 

89.6000 

TABLE  13.  A  COMPARISON  OF  THE  EXACT  AND  ASYMPTOTIC  POWER 


K  CLASSES  N 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 


K  CLASSES  N 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 


K  CLASSES  N 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 


FOR  ALPHA=.OL   AND  RHO-.80 
OBSERVATIONS   EXACT  POWER   A:     r  POWER  LAMBDA 


8 
9 
10 
II 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0  . 0  6  ] 
0,0 

0.06917 
0.0 
0.0 
07 
11 

,12913 
,1  1776 

,14: 

,14432 
.15! 


0, 

0. 

0, 

0, 

0 

0 

0 

0 


0.02972 

0 .  0  3  5 

0.04096 

0.04723 

0.05395 

0.06110 

0.06  87  0 

0.07675 

0.08523 

Oo 09415 

0.10350 

0.11326 

0.12342 


2400 
5200 
8000 
0800 
3600 
640  0 
9200 
^.2000 
4,4800 
4.7600 
5.0400 
5.3200 
5.6000 


FOR  ALPHA=.01   AND  RH0=.50 
OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.50730 

0.5  62  85 

0.57558 

0.67278 

0.69825 

0.69; 

0.78465 

0.81812 

0.81844 

0; 85817 

0.87912 

0.88  868 

0.91063 


0. 

52733 

0. 

60934 

0. 

,68314 

0, 

,74750 

0, 

,80209 

0, 

,84727 

0, 

,88383 

1. 

.00000 

1. 

,00000 

1. 

000 

1 

. coooo 

1 

,00000 

1 

.00000 

14.0000 
15.7500 
17. 5 COO 
19.2500 
21.0000 
22.7500 
24.5000 
26.2500 
28.0000 
29.7500 
31.5000 
33.2500 


FOR  ALPHA=.C1   AND  RHO=.20 

OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.96394 
0.97326 
0.98363 
0.99427 
0.9  9  526 
0.99711 
0.99910 
0.99943 
0.99962 
0.99986 
0.99991 
0.99995 
0.99998 


00000 

00000 

00000 

00000 

00000 

,00000 

,00000 

,00000 

,00000 

,00000 

,00000 

.00000 

,00000 


84C0 
3200 
8000 
2800 
7600 
2400 
7200 
67.2000 
71 .6800 

7  6.1599 
80.6400 

8  5.1199 
89.6000 


35 
40 
44 
49 
53 
58 
62 
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BLE14.   A  COMPARISON  OF  THE  I  HIC  POWER 

FOR  ALPHA=.05   AND  RHO=.80 
K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 


9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.14996 
0. 

)3  7 
0.19379 
0ol9679 

o.; 

o . ; 

0.2  9  « 
0.27  8 

0.3 1; 

0.34464 
0.334^1 


0. 16394 

0.18290 

0.20207 

0.221 

0.24093 

0.26  ( i 

0.2  803  2 

0.30014 

0.31999 

0.33c 

0.35968 

0.37944 


5200 
8400 
160  0 
4  8  CO 
8000 
12  00 
5.4400 
5.7600 
6.0800 
6.4000 


FOR  ALPHA=.05   AND  RH0=.50 


K    CLASSES    N    OBSERVATIONS       EXACT    POWER       ASYMPT    POWER    LAMBDA 


9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 


9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.69714 
0.76796 
0.83* 
0.82115 
0.8  5  552 
0,90792 
0.9  2  573 
0.93714 
0.9  42  33 
0.95873 
0.96  893 
0.97043 


0.87890 

0.9156  2 

0.94223 

0.961 

0.97430 

0.98323 


00000 
00000 
00000 
00000 


1.00000 
1.00000 


18.0000 
2  0.0000 
22.0000 
24.C000 

2  6.0000 
28.0000 
30.0000 
32.0000 
34.0000 
36.0000 

3  8.000  0 
40.0000 


FOR  ALPHA=.05   AND  RH0--=.20 


CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


9 

9 

9 

9 

9 

9 

9 

9 

9 

9 

9 
o 


9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


0.99108 
0.99688 
0.99870 
0.99884 
0.99956 
0.99988 
0.99993 
0.99996 
0.99998 
0.99999 
1.00000 
1.00000 


1.00000 
1.00000 
1 .00000 
1.00000 
1.00000 
1.00000 


1.00000 


00000 
00000 
00000 


1.00000 


46.0800 
51.2000 
56.3200 
61.4400 
66.5600 
6  7  99 
7999 
92  0  0 
0400 
1600 
2800 


71 

76. 

81 

87 
92 
97 


1.00000    102.4000 


40 


TABLE  15.  A  COMPARISON  OF  THE  EXACT  A  IT IC  I 

FOR  ALPHA=.01  i=.80 

K 


CLASSES  N  OBSERVATIONS 

EXACT  P 

ASYMPT  POWER 

LAMBDA 

9 

9 

0  •  0  6 : 

0.05558 

2.8800 

9 

10 

0.: 

0.06411 

3.2 

9 

11 

0.' 

0.07316 

3.5200 

9 

12 

0.10954 

0*08273 

3.840  0 

9 

13 

0.0 

0.09283 

4.1600 

9 

14 

0.] 

0.103  44 

4.4  8  00 

9 

15 

0.13' 

0.11455 

4.8000 

9 

16 

0.13: 

0.  126 

5.  • 

9 

17 

0.  3 

0.  13824 

5.44  00 

9 

18 

0.15051 

0. 15077 

5.7600 

9 

19 

0.18440 

0.16375 

6.0800 

9 

20 

0  .  '. 

0.17713 

6.4000 

9 

0.52  995 

0.71478 

18.0000 

10 

0.58859 

0.78115 

2  0.0000 

11 

0.66749 

0.83  54  2 

22.0000 

12 

0.74554 

0.87853 

24.0000 

13 

0.73  779 

1.00000 

26.0000 

14 

0.7  847  9 

1.00000 

28.0CC0 

15 

0.84614 

1.00000 

30.0000 

16 

0.84  667 

1.00000 

32.0000 

17 

0.8  7  249 

1.00000 

34.0000 

18 

0.89675 

1.00000 

3  6.000  0 

19 

0.92633 

1*00000 

38.0000 

20 

0.93173 

1.00000 

40.0000 

FOR  ALPHA--.  01   AND  RH3=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 

FOR  ALPHA=.01   AND  RHO=.20 

K    CLASSES    N    OBSERVATIONS       EXACT    POWER       ASYMPT    POWER    LAMBDA 

9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 


9 

0.96885 

1.00000 

46.0  800 

10 

0.98457 

1.00000 

51.2000 

11 

0.99414 

1.00000 

56.3200 

12 

0.99749 

1.00000 

61  .4400 

13 

0.99780 

1.00000 

66.5600 

14 

0.99912 

1.00000 

71.6799 

15 

0.99973 

1.00000 

76.7999 

16 

0.99974 

1.00000 

81 .9200 

17 

0.99989 

1.00000 

87.0400 

18 

0.99996 

1.00000 

92.1600 

19 

0.99998 

1.00000 

97.2800 

20 

0.99999 

1.00000 

102.4000 
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TABLE  16.  A  COMPARISON  OF  THE        AND  ASYMPTOTIC  POWER 

FOR  ALPHA=.05   AND  RHO=.80 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 

10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 

FOR  ALPHA=.05   AND  RHG=.50 

K  CLASSES  N  OBSERVATIONS   EXACT  POWER   ASYMPT  POWER  LAMBDA 


10 

0.17527 

0.  15522 

3.6000 

0.23055 

0.17343 

3.9600 

12 

0.21 

0. 19210 

4.3200 

13 

0.2 

0.211 

4.6800 

14 

0.2 

0.23065 

5.0400 

15 

0.2 

0.25043 

5.4000 

16 

0.2 

0.27050 

5.7600 

17 

0. 

0.29079 

6.1200 

18 

0  . : 

0.31126 

6.4800 

19 

0.3 

0.33184 

6.8400 

20 

0.3  7  842 

0.35249 

7.2000 

10 

10 

0*77456 

0.92379 

22.5000 

10 

11 

0.84c 

0.94983 

24.7500 

10 

12 

0.85073 

0.96763 

27.C000 

10 

13 

0.89036 

1.00000 

29.2500 

10 

14 

0.9  0  764 

1.0000  0 

31.5000 

10 

15 

0 . (; 

1.00000 

33. 7500 

10 

16 

0.93  771 

1.00000 

36.0000 

10 

17 

0.94783 

1.00000 

38.2500 

10 

18 

0.96239 

1.00000 

40.5000 

10 

19 

0.97304 

1.00000 

42.7500 

10 

20 
FOR  ALPHA=.05 

0.97983 
AND  RHO=.20 

1.00000 

4  5.00  00 

CLASSES  N  OBSERVATIONS 

EXACT  POWER 

ASYMPT  POWER  LAMBDA 

10 

10 

0.99701 

1.00000 

57.6000 

10 

11 

0.99915 

1.00000 

63.3600 

10 

12 

0.99920 

1.00000 

69.  1200 

10 

13 

0.99971 

1.00000 

74.8800 

10 

14 

0.99988 

1.00000 

80.6400 

10 

15 

0.99995 

1.00000 

86.4000 

10 

16 

0.99997 

1.00000 

92.  1600 

10 

17 

0.99999 

1.00000 

97.9200 

10 

18 

0.99999 

1.00000 

103.6800 

10 

19 

1.00000 

1.00000 

109.4400 

10 

20 

1.00000 

1.00000 

115.20C0 
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TAB: 

17. 

K 

CLASSES 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

A    (.  RISCN    GF    THE  r    AND    ASYMPTOTIC    POW: 

FOR    ALPHA=.01       AND    RHG=.80 

[ONS       EXACT    P  ASYMPT    POWER    LAMEDA 


10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


FOR    ALPHA=.01        AND    RH3=.50 


0  . 

,  1  0 < 

o. 

.08. 

0, 

,10 

0 

,13. 

■ 

,  14< 

I  . 

,1? 

0, 

.14994 

'-■■. 

,16 

0, 

.10* 

c , 

.17739 

0 

.21099 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.1 
0.1 
0.1 
0.1 
0.1 


5117 

68  09 
7749 
8750 
9  814 
09  3  7 
2119 
33  58 
4651 
5997 


3 

3 

5 
5 
5 
6. 


6000 
9600 
3200 

4000 
7600 
1200 
6.4  800 
6. 840  0 
7.2000 


K    CLASSES    N    OBSERVATIONS       EXACT    POWER       ASYMPT    POWER    LAMBDA 


10 

10 

0.68188 

0.79805 

22.5000 

10 

11 

0.6  74  34 

1.00000 

24.7500 

10 

12 

0.74832 

1.00000 

27.0000 

10 

13 

0.77276 

1.00000 

29.2500 

10 

14 

0.82  566 

1.00000 

31.5000 

10 

15 

0.8  3  740 

1.00000 

33.7500 

10 

16 

0.87995 

1.00000 

36.0000 

10 

17 

0.89731 

1.00000 

38.2500 

10 

18 

0.91428 

1.00000 

4  0.5  000 

10 

19 

0.92740 

1.00000 

42.7500 

10 

20 
FOR    ALPHA=.01 

0.94904 
AND    RH0=.20 

le 00000 

45.0000 

CLASSES    N    OBSERVATIONS 

EXACT    POWER 

ASYMPT    POWER    LAMBDA 

10 

10 

0.99187 

1.00000 

57.6000 

10 

11 

0.99435 

1.00000 

63.3600 

10 

12 

0.99803 

1.00000 

69.  3  . 

10 

13 

0.99846 

1.00000 

74.8800 

10 

14 

0.9  9942 

1.00000 

8  0.6400 

10 

15 

0.99971 

1.00000 

86.4000 

10 

16 

0.99989 

1.00000 

92.  1600 

10 

17 

0.99993 

1.00000 

97.9200 

10 

18 

0.99997 

1.00000 

103.6800 

10 

19 

0.99999 

1.00000 

109.^400 

10 

20 

0.99999 

1.00000 

115.2000 
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